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Abstract In this paper, we using the elementary method to study the convergent property of 
one class Dirichlet series involving a special sequences, and give several interesting identities 
for it. 
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§1. Introduction and Results 


For any positive integer n and m > 2, the Smarandache-type function B,,(n) is defined as 
the largest m-th power dividing n. That is, 


Bry (n) = max{z™ : 2™ | n}(vn € N*). 


For example, B:(1) = 1, Bo(2) = 1, B2(3) = 1, Bo(4) = 2, Bo(5) = 1, Bo(6) = 1, Bo(7) = 1, 
Bo(8) = 2, Bo(9) = 3, --- . This function was first introduced by Professor Smarandache. In 
[1], Henry Bottomley presented that B,,(n) is a multiplicative function. That is, 


(Va,b € N)(a,b) =1=> Bm(a-b) = Bm(a)- Bn (0). 


It is easily to show that B,,(p*%) = p’™, a = im +1, (i > 0,0 < 1 < m), where p is a prime. 


So, if n = p{' pS? --- pe is the prime powers decomposition of n, then the following identity is 
obviously: 
By(n) = Bm (pT pg? Pe") = PE py pe, 


where a; =i;m+l1,; (4; > 0,0 <1; <m). 
Similarly, for any positive integer n and any fixed positive integer m, we define another 


Smarandache function C,,(n) as following: 
Cm(n) = max{x € N:a™ |n}(Vn € N*). 


Obviously, C,,(n) is also a multiplicative function. 
From the definition of B,,(n) and C;,,(n), we may immediately get 


By(n) = Cp(n)™. 
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Now let k be a fixed positive integer, for any positive integer n, we define the arithmetical 
function 6,(n) as following: 


dx(n) = max{d:d]|n, (d,k) = 1}. 


For example, d2(1) = 1, 62(2) = 1, 62(3) = 1, 62(4) = 1, 63(6) = 2,---. About the 
elementary properties of this function, many scholars have studied it and got some useful results 
(see reference [2], [3]). In reference [2], Xu Zhefeng studied the divisibility of 6,(n) by y(n), and 
proved that y(n) | 6,(n) if and only if n = 2°3°, where a > 0, 8 > 0, a, € N. In reference 
[3], Liu Yanni and Gao Peng studied the mean value properties of 5;(bm(n)), and obtained an 
interesting mean value formula for it. That is, they proved the following conclusion: 

Let & and m are two fixed positive integers. Then for any real number x > 1, we have the 


asymptotic formula 


where ¢€ denotes any fixed positive number, ¢(s) is the Riemann zeta-function, and Il denotes 


pik 
the product over all different prime divisors of k. 


Let A denotes the set of all positive integers n satisfying the equation B,,(n) = 6,(n). 
That is, A= {n € N, B,»,(n) = d,(n)}. In this paper, we using the elementary method to study 
the convergent property of the Dirichlet series involving the set A, and give several interesting 
identities for it. That is, we shall prove the following conclusions: 

Theorem 1. Let m > 2 be a fixed positive integer. Then for any real number s > 1, we 
have the identity: 


= 1 (a 
¥ 4 = cing] 

n=1 p\k Pp 

neA 


Bm (n) =o 
ee = ne) ee 
n=1 p\k p* 

neEA 


where ¢(s) is the Riemann zeta-function, and II denotes the product over all primes. 
p 


§2. Proof of the theorems 


Now we complete the proof of our Theorems. First we define the arithmetical function 
a(n) as follows: 
1, if nEA, 


0, if otherwise. 


a(n) = 
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For any real number s > 0, it is clear that 


Sl a(n) Ql 
Ds ae a 
n=1 n=1 n=1 
neEA 
and S- — is convergent if s > 1, thus S- — is also convergent if s > 1. Now we find the set A. 
ns ns 
n=1 n=1 


neA 


From the definition of Bm(n) and 6,(n) we know that B,,(n) and 6,(n) both are multiplicative 
functions. So in order to find all solutions of the equation B,,(n) = 6,(n), we only discuss the 
case n = p®. Let a =im-+1, where i > 0,0<1<™m, then By(n) = p'™. If n = p®, (p,k) = 1, 
now 0,(n) = p®, then the equation B,,(n) = 6,(n) has solution if and only if a = im, i > 0. 
If n = p*, p | k, now 6,(n) = 1, then the equation B,,(n) = 6,(m) has solution if and only if 
a=1,0<l<m. 


Thus, by the Euler product formula, we have 


| a(p)  a(p?) aip—") 
Qa = (t+ + a ee 


= p Pp 
neA 
1 1 1 1 1 
= (1 ps ! ps J i sor) IC : pms : pms : ) 
pik pik 
1- 1 
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This completes the proof of Theorem 1. 


Now we come to prove Theorem 2. Let s = 0 + it be a complex number. Note that 


co 
B 
By, (n) <n, so it is clear that y Balt) is an absolutely convergent series for Re(s) > 2, by 
n 
n=1 
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the Euler product formula and the definition of B,,(n) we get 


~ Br (n) _ Brn(p) Bm(p") a 
yo Ae = (+ + Ss) 


n=1 p p* 
neA 
-T] (1 , Bn(p) , Bnlp?) ee 
vik ps pes pim—1)s 
Bm m Be. 2m 
Ip (1+ BO 4 Ba ..) 
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This completes the proof of Theorem 2. 
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